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(Mumford [10], [12], [14], [11], Faltings-Chai
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( $\Omega=(\omega_{jk})$ $g$ ${\rm Im}\Omega>0$ ( ))
$\exp(2\pi\cdot):\mathbb{C}arrow \mathbb{C}^{\cross};z\mapsto\exp(2\pi z)$
$(\mathbb{C}^{\cross})^{g}/(q_{1}^{\mathbb{Z}}\cdots q_{g}^{\mathbb{Z}})(\cong(\mathbb{C}^{\cross})^{g}/\mathbb{Z}^{g})$
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$q_{j}:=(\exp(\omega_{kj}))_{k=1}^{g}(i=1, \ldots, g),$ $q_{j}^{\mathbb{Z}}:=\{q_{j}^{n} :=(\exp(n\omega_{kj}));n\in \mathbb{Z}\}$
$Y:=q_{1}^{\mathbb{Z}}\cdots q_{g}^{\mathbb{Z}}\cong \mathbb{Z}^{g}$
$X:=Hom_{alg}((\mathbb{C}^{\cross})^{g}, \mathbb{C}^{\cross})(\cong \mathbb{Z}^{g})$ ( $(\mathbb{C}^{\cross})^{g},$ $\mathbb{C}^{\cross}$ )
$Hom(X, \mathbb{C}^{\cross})/Y$
$\langle,$ $\rangle:X\cross Yarrow \mathbb{C}^{\cross}$ ; $(x, y)\mapsto\langle x,$ $y\rangle:=\chi_{x}(y)$ ,
$Yarrow Hom(X, \mathbb{C}^{\cross})$ ; $y\mapsto(x\mapsto\chi_{x}(y))$
( $\chi_{x}:(\mathbb{C}^{\cross})^{g}arrow \mathbb{C}^{\cross}$ $x\in X$ $(\mathbb{C}^{\cross})^{g}$ )
$\langle$ , $\}$
22
$S=(Spec\mathbb{C}, \mathbb{C}^{\cross}\oplus \mathbb{N})$ ( ) $($ fs $/S)$ $S$ fs $\log$
$G_{m,\log}$ $($ fs$/S)$ $U\mapsto\Gamma(U, M_{u}^{gp})$
22 $S$ $g$ $(fs/S)$
$\mathcal{H}om(X,G_{m,\log})^{(Y)}/Y$
( $X,$ $Y$, $\langle$ , $\rangle:X\cross Yarrow G_{m,\log},p:Yarrow X$
)[6, 1.3.5 Definition]
$X,$ $Y$ $g$ pairing $\langle$ , $\rangle:X\cross Yarrow G_{m,\log}$
$p:Yarrow X$ ( ) :
(1) $y,$ $z\in Y$ $\langle p(y),$ $z\rangle=\langle p(z),$ $y\rangle$
(2) $y\in Y$ $\langle p(y),$ $y\rangle\in\Gamma(S, M_{S})$ $y\neq 0$ $|\alpha(\langle p(y), y\rangle)|<1$
$\alpha:M_{S}arrow \mathbb{C}=r(S, O_{S})$ ( )
$Yarrow$ Oom$(X, G_{m,\log});y\mapsto\langle*,$ $y\rangle$ $Y$ (
$p$ ) $\theta tom(X, G_{m},\log)$ $\mathfrak{X}om(X, G_{m},\log)^{(Y)}$
:
fs $S$ $U$ $Hom(X, G_{m},\log)^{(Y)}$ $U$ $\varphi:Xarrow\Gamma(U, M_{U}^{gp})$
$x\in X$ $U$ $y,$ $y’\in Y$ $\langle x,$ $y\rangle|\varphi(x)|\langle x,$ $y’\rangle$
:
$\Re om(X, G_{m,\log})^{(Y)}(U):=\{\varphi\in \mathfrak{X}om(X, G_{m,\log})(U)$ ; $x\in X$
$U$ $y,$ $y’\in Y$ $\langle x,$ $y\rangle|\varphi(x)|\langle x,$ $y’\rangle\}$ .




: $\mathcal{H}om(X, G_{m,\log})^{(Y)}$ $\varphi_{1},$ $\varphi_{2}$
$x\in X$
$\langle x,$ $y_{1}\rangle|\varphi_{1}(x)|\langle x,$ $y_{1}’\rangle,$ $\langle x,$ $y_{2}\rangle|\varphi_{2}(x)|\langle x,$ $y_{2}’\rangle$ $($ $y_{i}, y_{i}’\in Y, i=1,2)$
$\varphi_{1}\varphi_{2}$
$\langle x,$ $y_{1}+y_{2}\rangle|\varphi_{1}(x)\varphi_{2}(x)|\langle x,$ $y_{1}’+y_{2}’\rangle$ $\varphi_{1}\varphi_{2}$




$g=1$ $X=Y=\mathbb{Z}$ $\langle,$ $\rangle:X\cross Yarrow G_{m}$ ,1$og$ $q\in\Gamma(S, M_{S})$
$\langle m,$ $n\rangle=q^{mn}$
$Yarrow \mathcal{H}om(X, G_{m},1\circ g)=G_{m}$,l$og$ $y\mapsto q^{y}$ ( $q\in\Gamma(S, M_{S})$ $\Gamma(U, M_{U})$
) $\Re om(X, G_{m,\log})^{(Y)}$ $U$ ( $U$ fs $S$ )
Xom$(X, G_{m,\log})^{(Y)}(U)=G_{m,\log}^{(q)}(U):=\{\xi\in\Gamma(U,$ $G_{m}$ ,1$og)$ ; $y,$ $y’\in Y$ $q^{y}|\xi|q^{y’}\}$
$E$ $G_{m,1}^{(q)}$ g/q
$\mathbb{Z}$ ( )




3.2 $q\in M_{S}\backslash \mathbb{C}^{\cross}$
$q\in \mathbb{C}^{\cross}$
$G_{m,\log}^{(q)}$ $\tilde{E}_{1}:=\{\xi\in G_{m,\log}$ ; $i$ $q^{i}|\xi|q^{i+1}\}$ (
$U$ ). $\tilde{E}_{1}$ $\xi\mapsto\xi q$ $Y=q^{\mathbb{Z}}$ $\tilde{E}_{1}$
$\{\xi\in G_{m,\log};q^{i}|\xi|q^{i+1}\}$ $Spec\mathbb{C}[s, t]/(st)$ ( $\mathbb{N}^{2}arrow s^{N}t^{N};(a, b)\mapsto s^{a}t^{b}$ ,
$q=st$ ) ( 1 ). $\tilde{E}_{1}$ $\mathbb{P}^{1}$
( 1 ). $q^{\mathbb{Z}}$ “ ”









$\tilde{E}_{1}$ 2 $P,Q$ $U_{i}:=\{\xi;q^{i-1}|\xi|q^{i}\}$ $P$
$U_{1}$ $Q$ $P+Q$




2: ( $U_{2}$ , $U_{3}$ )




blow down $P+Q$ well-defined
$U_{1}\cross U_{2}arrow V:=\{\xi;q=q^{1}|\xi|q^{3}\};(\xi, \xi’)\mapsto\xi\xi’$






(fs) fs (set) $n\geq 3$
4.1 ( 1)
–
$\Phi$g,n: (fs) $arrow$ (set) fs $U$
$\overline{\Phi}_{g,n}(U):=\{(A,p, l);A$ $g$ $p$ /U (cf. [6, 1.3.5]),
$l$ $(\mathbb{Z}/n\mathbb{Z})^{2g}arrow A[n]$ $:=Ker$ ( $n$-times: $Aarrow A$ ) $\}/\cong$
level pairing $(Z/n\mathbb{Z})^{2g}$
$\langle e_{i},$ $e_{j}\rangle=\{\begin{array}{ll}2\pi i (j-i=g \text{ } )-2\pi i (i-j=g \text{ } )\end{array}$
symplectic $A[n]$
$A[n]\cross A[n]arrow A[n]1\cross p\cross A^{*}[n]\vec{pairing}Weil\mathbb{Z}/n\mathbb{Z}(1)$
symplectic Weil pairng
59
$A$ local $l_{(-}^{\sim}Hom(X, G_{m,\log}^{(Y)})/Y$ $A^{*}$
$Hom(Y, G_{m,\log}^{(X)})/X$ ( $(Y, X^{t}\langle, \})$ $t\langle,$ $\rangle$ $t\langle y,$ $x\rangle=\langle x,$ $y\rangle$
pairing) Weil pairing $[\varphi:Xarrow G_{m,\log}]\in A[n],$ $[\psi:Yarrow$
$G_{m,\log}]\in A^{*}[n]$ $\varphi(x)\psi(y)^{-1}$ $x,$ $y$ $\psi^{n}=^{t}\langle,$ $x\rangle,$ $\phi^{n}=\langle,$ $y\rangle$
([6,442] ).
$\Phi_{g,n}$ ( ) ( strict
$)$ $\Phi_{g,n}\subset\overline{\Phi}_{g,n}$
4.2 ([6], Theorem 4.6.4, 4.6.5) $\overline{D}_{g,n}$ -Baily-Borel
-
$\Phi$g,n $arrow$ -Dg,n
(1) fs $S$ g,n(S)/ $\simarrow$ -Dg,$n(S)$
$\sim$ Hodge ( [6, 4.6.2] ).




$\overline{\Phi}_{g,n,\Sigma}\subset\overline{\Phi}_{g,n}$ fs $U$ $\overline{\Phi}_{g,n}$ $U$ $(A, p, l)\in\overline{\Phi}_{g,n}(U)$
$A$ $\Sigma$ $S$
$A$ $\Sigma$ $s\in S$ $A_{s}$
$(X, Y, \{, \})$ $\sigma\in\Sigma$ $N\in Hom(M_{S,s}/t9_{S,s}^{*}, \mathbb{R}_{\geq 0})$
$(Y\cross Yarrow Xp\cross 1\cross Yarrow M_{S,s}^{gp}/(0_{S,s}^{*}\langle, )arrow \mathbb{R})N\in\sigma$
([6, 4.1.6]).
4.4 (LAl, Theorem 4.1.7) $\Sigma$ $B(\mathbb{Z}^{g})_{\mathbb{R}}$ ( $g\cross g$ ) admis-
sible cone decomposition $\overline{\Phi}_{g,n,\Sigma}$ Dg,n, $\Sigma$ (
)
[9] ( [6, 4.1.9, 4.5-4.7] ).
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